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Non-standard CDF with power-law tails

Power Law

Source: Mark Buchanan
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Fractional Derivative
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Kernel captures power law

Integration captures history/non-locality

Interpolation operator
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Methods in R
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Projection (p-refinement)
RsDYu(t) = f(t),u(0) = 0

1. Expansion into P solution functions
P P

0O = ) Gy = D up(®)
p=1 p=1

2. Project problem onto test functions
T

J REDY [up (D]v; (1) dt = j f(t)v;(t) dt
0 0

3. Solve for coefficients
Su=F

Discretization (h-refinement)
REDYu(®) = f(1),u(0) = 0

1. Define discretization scheme
h
S8 (=1)™(%)u(t — nh)

REDYu(t) = -

2. Define initial condition
u(0) =0

3. Iterate forward
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Petrov-Galerkin Spectral Method

p-refinement method
P

\Y, VvV
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S is diagonal 0 1' 2 3 4 5
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Finite Difference Method

h-refinement method

; 1| 2: ; ; ‘F.’ u(ti1) -
8 = -bulw)+ Z(b bje)Ju(tc)
D s bte) + AT = V()
g E Simple iteration
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Finite Element Method

hp-refinement method
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Comparison

Pros and cons for various methods

Pros Cons
PGSM

e Captures singular & e Hard to implement . .
smooth behavior e Limited to smooth T - -3
+__ High, fastaccuracy functions i i
FDM < G R
e Generalizable e Large history iteration Dl -
e Easy to Implement e High accuracy - | =
unfeasible = =
""""""""""""""" FEM 5 %
e Adaptive to irregular e Large history matrix ) )

domains or

singularities
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Fractional Maxwell Application
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Discussion

Selection of method depends on application

Key features for various methods

Method Key Feature
Data with power-law singularity/models — PGSM Diagonal linear system
pGSM FDM  Generalizable form
- FEM  Adaptive to irregularities

*Non-intuitive data/models - FDM

*Fragmented data/domains - FEM
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Future Work

*Extension to fractional advection-dispersion T ]
equatlon r [¢] ﬁ:g:ll:])?aita
; . T ezt .
21 d Wi i, — s [
oDFu+3L, [(1 -0, D3N + @)D u= 2
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@

Inclusion of error estimates against observable data ogl

1 1 1 1 1 1 1 1 1 1 1
.0 16.2 324 488 648 80.9
Time since injection (h)

*Take advantage of R platform for observable data
comparisons

*Fine tune CPU time analysis




FMATH Group

References

[1]X. Li and C. Xu, “A Space-Time Spectral Method for the Time Fractional Diffusion Equation,” SIAM J. Numer. Anal., vol. 47, no. 3, pp. 2108-2131, Jan. 2009.
[2]B. BAEUMER, M. KOVACS, M. M. MEERSCHAERT, and H. SANKARANARAYANAN, “BOUNDARY CONDITIONS FOR FRACTIONAL DIFFUSION,” 2017.

[3]M. Zayernouri and G. E. Karniadakis, “Exponentially accurate spectral and spectral element methods for fractional ODEs,” Journal of Computational Physics, vol. 257,
pp. 460-480, Jan. 2014.

[4]R. LeVeque, Finite Difference Methods for Ordinary and Partial Differential Equations. Society for Industrial and Applied Mathematics, 2007.

ESJSYZ LiAn ané:lo%;(u, “Finite difference/spectral approximations for the time-fractional diffusion equation,” Journal of Computational Physics, vol. 225, no. 2, pp. 1533-
, Aug. .

6]D. del-Castillo-Negrete, “Fractional Diffusion Models of Anomalous Transport,” in Anomalous Transport, habil R. Klages, G. Radons, and I. M. Sokolov, Eds. Wiley-VCH
erlag GmbH & Co. KGaA, 2008, pp. 163-212.

[7]M. Zayernouri and G. E. Karniadakis, “Fractional Sturm-Liouville eigen-problems: Theory and numerical approximation,” Journal of Computational Physics, vol. 252,
pp. 495-517, Nov. 2013.

[8]T. Osler, “Leibniz Rule for Fractional Derivatives Generalized and an Application to Infinite Series,” SIAM J. Appl. Math., vol. 18, no. 3, pp. 658-674, May 1970.
[9]G. Karniadakis and S. Sherwin, Spectral/hp Element Methods for Computational Fluid Dynamics: Second Edition. OUP Oxford, 2005.

51001]5 Kharazmi, M. Zayernouri, and G. E. Karniadakis, “A Petrov-Galerkin Spectral Element Method for Fractional Elliptic Problems,” arXiv:1610.08608 [math], Oct.

11]A. Jaishankar and G. H. McKinley, “Power-law rheology in the bulk and at the interface: quasi-properties and fractional constitutive equations,” Proceedings of the
oyal Society A: Mathematical, Physical and Engineering Sciences, vol. 469, no. 2149, pp. 20120284-20120284, Nov. 2012.




